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Shells are considered for which the constants of viscoelasticity are random functions of curvi- 
linear coordinates of the middle surface. Correlation functions are obtained for the first ap- 
proximations of the deflection and the stress function, as well as the variance of the critical 
time. 

A peculiarity of shells subjected to compression under the conditions of unlimited creep is their "snap- 
ping" at any load after the elapse of a longer or shorter time interval, called the critical time. Its magni- 
tude depends on many factors, and in the first instance, on the characteristics of the elastic and viscous prop- 
erties of the material. The latter, as is known [i], have a considerable scatter, being random functions of 
the coordinates. As a result, the shell is nonhomogeneous, and this leads to redistribution of the forces in 
the middle surface with time, and as a consequence, to variation in the critical time. 

The stability of homogeneous shells in creep, in a geometrically nonlinear formulation, was consid- 
ered in [2, 3]. 

We consider a viscoelastic thin shell the properties of whose material are described by random func- 
tions of curvilinear coordinates of the middle surface. 

Assuming, for the sake of simplicity, the material to be incompressible, we write the relationships 
between the strains and stresses 

I 
e~j = - ~ - ( l  + K)s~i (i,/=1, 2) 

where 

t 

0 

G i s  the  s h e a r  m o d u l u s ,  A i s  a c o n s t a n t  c h a r a c t e r i z i n g  the  v i s c o s i t y ,  t and  ~ a r e  t ime ,  and 5ij i s a u n i t  t e n s o r .  

H e r e  and in the  fo l lowing  s u m m a t i o n  i s  c a r r i e d  out o v e r  r e p e a t e d  i n d i c e s .  The index  n u m b e r s  c o r r e -  
spond  to the  c o o r d i n a t e s  x~ and x 2 which  a r e  m e a s u r e d  a long  the  l i n e s  of c u r v a t u r e  of the m i d d l e  s u r f a c e .  

K the  i n h o m o g e n e i t y  i s  s m a l l ,  

i /G = ~, = (~)  + ~k', A = <A ) + ~A ' ,  <~>, ( A )  = const 

(/3 i s  a s m a l l  p a r a m e t e r ) ,  the  d e f l e c t i o n  w and the  s t r e s s  func t ions  r can  be  found by  the m e t h o d  of a s m a l l  
p a r a m e t e r  in  the  f o r m  of a s e r i e s  

w = ~ ~w(~), m = ~ ~(I)(~) (1) 

Angle brackets are used to note averaging over a set of realizations. 
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We assume that the middle surface  of the shell has small  initial deviations f rom the idealformw0-~ f ~  0. 
Confining ourse lves  to the f i r s t  approximation in the expansion (1), we wri te  the equations determining w(t) 
and ~(I) in the case of a thin shallow shell: 

- -  . v ~ ,  i , i ]  ~", ill 

~h (10(1) - -  WO), t l  + (2) 2 <~) (t + <K>) ~ a )  (') + 

6h + ~ (win - -  Wo), ~ = - -  I~ (1 + K)  ~2q)0 ) @(0~ , ,  l, , 2 2 ~  , l l ) J ,  2 2  - -  

(0) (0) , 1 2 1 ,  i~  - -  [X ( t  + K )  ( - -  q5 2, + 2q), ~01, 11 - -  6 [~, (1 -+- K)  O (~ 

(K> ~(0(1) ~ ~ (~) d~, I = h 3 / 1 2 ,  D-~4I/<X> 
0 

where 

Rtt and R~2 are  the radii  of the curva tures  (1/RI2--- 1 / ~  = 0). 

F o r  a homogeneous moment less  s tate  (for k= 0 e ,  i j ~  {0) =const) the second one of these relat ionships is 
simplified,  

2(X> (t + <K>)V~O m + 6h (~(,) _ 

6h + ~ (w (i) " wo), ~ -- (~ + kK), ~ (2(I)(~ -- m(~ 

,,~o) 2(I)!~,) 6 (~ %n), m (I)(~ (3) 

We assume tb~t the sca les  va ry  and the cor re la t ion  functions l '  and A' a re  small  in compar ison with 
the cha rac te r i s t i c  dimensions of the middle surface,  and that the functions themselves  a re  homogeneous. 
Then they car~ be r ep resen ted  by the s tochast ic  F o u r i e r - S t i e l t j e s  integrals  [4] 

~." ( x )=  S ei~ (to), A" ( x ) =  S ei"~dZa (to), cox ~ totx, d- (02x$ 
~ c o  - - c o  

The functions Zk(o~) and ZA(o~) sa t is fy  the conditions 

( dZx (to) dZx * (o)')) = Sx (to) ~ (to - -  o)') do)do)' 
( dZ A (to) dZ ~t* ((o')) = S a (to) 6 (to ~ o)') dtodto' 

Fiere 5 (w--u)') ts  a two-dimensional  delta function; Sk(o~) and SA(W) are  the spect ra l  densi t ies  of the 
random functions k' (x) and A' (x). An as t e r i sk  is  used to denote t ransi t ion to complex conjugate quantities. 

If the fields of X'(x), At(x) a re  not only homogeneous but also homogeneously connected, then 

(dZ~ (~) dZ~* (to')) = S ~  (to) 5 (to - -  ~') do)d~' 

The solution of Eqs. (2) and (3) is given by the express ions  

- - ~ o  - - o o  

�9 - -  / (x, t) + (to) + f (o)) (o) (r 
~ o o  - - o o  

where 

B(~) o~;- {exp ~ 3<A>7/~~ t ] - - t }  

B (co) ~)i ~ 

3 <A> t~ ] 

~(o)----- 2(;b(~+~0z~) ~ [ t~l i ( to) l  - - -Ti~)  +T(to)ll(o)exp ~-----(;~ 

B (o) = (02, (20r _ "~."~~ ~a,, + to2 (2_ (i)(~. + 20(~,). + 6to~o)~O(~2, 

3h / o)1 ~ , ~ ' ~  + i~a-~(o)g , d3iO).X 
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(co) = (col 8 + co~) ~ coio)j (~r162 _ r ~, a_~ ,~co~, 

3h ~t(CO) : ~ )  [i - -  "s ((o)] a (o) (~-lL--~l)C0~2 8 

where  v(x, t), f(x, t) a r e  the def lec t ion  and the s t r e s s f u n c t i o n s w h i c h  c o r r e s p o n d  to the ini t ial  def lec t ion  w 0. 

The r e l a t ionsh ips  jus t  p r e s e n t e d  have mean ing  fo r  va lues  of q and t which  a r e  l e s s  than the c r i t i c a l  
va lues  f o r  the v i s c o e l a s t i c  cons tan t s  < h > and < A >. 

The c o r r e l a t i o n  funct ions  of f l exure  and s t r e s s  funct ions,  K w (x, x T) and K@ (x, x ' ) ,  have the f o r m  

K~ v (x, x') = tie ~ e i~ (~-x')S w (o)) do), K@ (x, x') = Re S e i~ (~-x')Sr (co) do), 
--co --oo 

w h e r e  Sw (co), S~ (r a r e  the s p e c t r a l  dens i t i e s  of the func t ions  w (x), 4) (x). 

S~ (o)) = r  (o)) SA (co) + ~A (r ~ (co) [S~  (co) + &A (co)] + CP (o)) Sx (~) 

So (o)) = ~0A ~ (co) Z~ (co) + % (o)) ~ (~0) [SAx (o)) + S~A (o))l § ~8  ((o) sx (r 

To d e t e r m i n e  the c r i t i c a l  t ime ,  we c o n s i d e r  the p e r t u r b e d  mot ion  of the shell .  The pe r t u rba t i o n  5w 
of the def lec t ion  and 5~ of the s t r e s s  funct ion a r e  found f r o m  the equat ions  

41 [G~Sw" 4= 2G, ~85w ~ -~ G, ~ (Sw, ~j + 5u~85w')] - -  

- -  (~@Su --  @, i~) 5w ~ --  (w,~ § ~--~ ) (~5@'5~ - -  5@ ~) . . . .  (5) 

~22  . . . .  -~- 6W 11 ~-- W, 11~)W, 22 -~- W, 226W 11 - -  2W, 126W, 18) . . . .  

In the r ight  s ides  of  t he se  equat ions  we have quant i t ies  which  do not depend on 6w" and 6~ ' .  

The c r i t i c a l  t ime  is obta ined f r o m  the condi t ion tha t  the ve loc i t i e s  6w" and 5~" i n c r e a s e  without  bounds  
[5]. This  in the g iven c a s e  g ives  the s a m e  r e s u l t  a s  the b i fu rca t ion  c r i t e r i o n  of the equ i l ib r ium pos i t ion  [2]. 

As  an example ,  we ca lcu la te  the p robab i l i s t i e  c h a r a c t e r i s t i c s  of the c r i t i c a l  t ime f o r  a cy l ind r i ca l  
shel l  of r ad ius  R, c o m p r e s s e d  along the g e n e r a t o r  by a load q. Let  the e las t i c  cons tan t  X (or G) be d e t e r -  
min i s t i c ,  while the v i s c o s i t y  p a r a m e t e r  A be a homogeneous  r a n d o m  funct ion only of the x l coord ina te  (x t 
i s  m e a s u r e d  along the g e n e r a t o r ) .  The shel l  has  an  ini t ia l  def lec t ion  w 0 =v  0 s i n ~ v m x t / l  (l is the length of 
the shell) .  

The e x p r e s s i o n s  (4) in this  c a s e  a s s u m e  the f o r m  

~ ~ - Ei_eto,<A)% t)ldZA(W~) . 8 ,m ~ e ~ .... , - ~ [ t - - e x p (  W[l)'(X~) = VSln - - T - x ~  -}- 2 ( A ) ~  

--~ l~1  ~ <:~>~)____~i~i~p exp l__a m ,n]--eE< A>~ }dZ~(o ) t )  

where  

vo [ E ( A )  ) l~hEot m 
v = ~ exp ~ l --"V~-~ amt.  , f = ~ v 

F 4m~n 2 ~ l~hE ] - t  I Eh ] -1  
zr = q L T  u + 4m~n2R~j , a~ = q Dr 2 + - ~ p j  , E : 3G 

To obtain the equa t ions  fo r  the c r i t i c a l  t ime t , ,  we spec i fy  the funct ions  5w and 5@ (the bounda ry  con-  
di t ions  a r e  sa t i s f i ed  in the mean) 

�9 1 / ? , ~  o / '~ . ? r / , ~  . n 

8w = c s m - T - x l s m - ~ - z 2 ,  6@ = dsm --T-x~sm--ff-x2 

Eqs .  (5) a r e  solved by  the G a l e r k i n - - K a n t o r o v i c h  method,  a s s u m i n g  w ~ w (1), ~ ~ 4, (~ + ~(t).  The c r i t -  
ical  t ime  is found f r o m  the condi t ion  that  the de t e rminan t  

5 - -pv- - - -  A 
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d f ~  
/ \ k = ~  

f=O.J 

lg 30 / 

t~ig. 1 

c o n s i s t i n g  of the c o e f f i c i e n t s  of c" and d, w h e r e  

m2~ 6 D ( ' ' [ i - -  n~ ~ m~n~Eh [ m ~  n ~ - 2 m ~  
= +---~-~) + ~ ,  l 2 +'R-~) l~ q 

oo 

A = ~n2Eh ~ sineoll+i(i--cosmll)(o1 (~ 4D~27~ $/2~ )-I X 
--ev 

aw 

�9 ~t-.~ I++ 
2I+ ( 1 +  n+F" ~ - + [ l - - e x p {  E<A> 

b e c o m e s  z e r o .  

H e r e  we have  o m i t t e d  the t e r m s  wh ich  con ta in  p r o d u c t s  of s m a l l  quan-  
t i t i e s .  

In the f i r s t  a p p r o x i m a t i o n  the  c r i t i c a l  t i m e  can  be  r e p r e s e n t e d  a s  the s u m  t ,  = t o + t 1. E a c h  of  the t e r m s  
i s  found f r o m  the  equa t i ons  

i - %~ a (to) 6 = pv (to), tl = a,nE <A> 

It  i s  obv ious  tha t<  t ,  > ~  to, whi le  the  v a r i a n c e  D(tl) equa l s  

- - L  [ ( - ' - ~ ) ~  l~ i ~ - r  D ( t l )  --  2 [ a,~ <A) R26 J - ~  /2o)~( t - - l~ /4m~)  2 X 

% [e -E<A>t__ ,  /F-'<A> a~t)  ] 

21 ~ { .  n~l ~ ~ - 2 I i _ e x p [  E<A> .\1~ SA( r176  + + <-z l (6) 

We take the correlation function of the random function A' (xi) in the form 

K A @1 - -  x ( )  = Q*e -'~ (x,-x~,), 

The s p e c t r a l  d e n s i t y  f o r  i t  i s  r e p r e s e n t e d  in the  fo l lowing  m a n n e r :  

Q~ e_ml~/4s, s (~1) = 

We r e w r i t e  the  e x p r e s s i o n  (6) f o r  the  s m a l l  qua n t i t i e s  E < A >t ,  E < A > (1-c~r162 

]/~ [_QQ to ~2 ~ 02 (l _ cos 2~O) [02 3p(k_{_2g)]2 . ~20~, 
D(tl) = Zs ~<.A>~-]  ~ (i_O~/m~)2 X (04_3pkO~+p2)~ exp(---V~s~)d0 (7) 

He r e  

lo~1 3l 2 q ~ h 
9 = " -~- ,  P = 4~Rh  ' Eh = k - - ~  

I ~ n2l  ~ "~-2 

When d e r i v i n g  Eq.  (7) we a s s u m e d  tha t  the  cond i t i on  

nl  / m ~ R  = I 

was  fu l f i l l ed .  

We put  g = 1/3. 
l i n e a r  f o r m u l a t i o n .  

T h i s  v a l u e  c o r r e s p o n d s  to the  m i n i m u m  v a l u e  of the  c r i t i c a l  l oad  fo r  the  s h e l l  in  the  

The  r e s u l t s  of the  c a l c u l a t i o n  of the v a r i a n c e  D(tl) f o r  m = 5 ,  / s = 2 0  a r e  shown in F i g .  1 a s  a func t ion  of  
the quan t i ty  p f o r  v a r i o u s  k.  A s  i s  s e e n  f r o m  the  f i g u r e  in which  

d = <A >2D (tl) / Q~ to ~ 
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the relative deviation of the crit ical time D(tl)/t 0 can be of the same order  as Q/<A >, and to a large extent 
depends on the value of the acting compressive load. 
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